Abstract. Long and Reid have shown that some compact flat 3-manifold cannot be diffeomorphic to a cusp cross-section of any complete finite volume 1-cusped hyperbolic 4-manifold. Similar to the flat case, we give a negative answer that there exists a 3-dimensional closed Heisenberg infranilmanifold whose diffeomorphism class cannot be arisen as a cusp cross-section of any complete finite volume 1-cusped complex hyperbolic 2-manifold. This is obtained from the formula by the characteristic numbers of bounded domains related to the Burns-Epstein invariant on strictly pseudo-convex CR-manifolds [1], [3] . This paper is a sequel of our paper [11] .
Introduction
We shall consider whether every Heisenberg infranilmanifold can be arisen, up to diffeomorphism, as a cusp cross-section of a complete finite volume 1-cusped complex hyperbolic manifold. Long and Reid considered the problem that every compact Riemannian flat manifold is diffeomorphic to a cusp cross-section of a complete finite volume 1-cusped hyperbolic manifold. They have shown it is false for some compact flat 3-manifold [15] . We shall give a negative answer similarly to the flat case.
Theorem. Any 3-dimensional closed Heisenberg infranilmanifold with nontrivial holonomy cannot be diffeomorphic to a cusp cross-section of any complete finite volume 1-cusped complex hyperbolic 2-manifold.
McReynolds informed us that W. Neumann and A. Reid have obtained the similar result.
Heisenberg infranilmaniold
Let z, w =z 1 · w 1 +z 2 · w 2 + · · · +z n · w n be the Hermitian inner product defined on C n . The Heisenberg nilpotent Lie group N is the product R × C n with group law: (2.1) (a, z) · (b, w) = (a + b − Im z, w , z + w).
It is easy to see that N is 2-step nilpotent, i.e. [N , N ] = (R, 0) = R, which is the central subgroup C(N ) of N . This induces a central group extension:
C ) be the full group of the isometries of the complex hyperbolic space H n+1 C . It is isomorphic to PU(n + 1, 1) ⋊ τ where τ is the (anti-holomorphic) involution induced by the complex conjugation. The Heisenberg rigid motions is defined as a subgroup of the stabilizer Iso(H n+1 C ) ∞ at the point at infinity ∞ . Definition 2.1. The group of Heisenberg rigid motions E τ (N ) is defined to be N ⋊ (U(n) ⋊ τ ). A Heisenberg infranilmanifold (respectively orbifold) is a compact manifold (respectively orbifold) N /π such that π is a torsionfree (not necessarily torsionfree) discrete cocompact subgroup of E τ (N ).
The sphere complement S 2n+1 − S 2n−1 is a spherical CR manifold with the transitive group Aut CR (S 2n+1 − S 2n−1 ) of CR transformations which is isomorphic to the unitary Lorentz group U(n, 1). Note that S 2n+1 −S 2n−1 is identified with the (2n + 1)-dimensional Lorentz standard space form
is the total space of the principal S 1 -bundle over the complex hyperbolic space:
If ω H is the connection form of the above principal bundle, then it is a contact form on V 2n+1 −1 such that Null ω H is a CR structure. Note that dω H = ν * Ω H up to constant factor for the Kähler form Ω H on H n C . Since U(n, 1) = S 1 ·SU(n, 1), the above equivariant principal bundle induces the following commutative fibrations:
. HereŜU(n, 1) is a lift of SU(n, 1) associated to the covering Z→Ṽ
C /G is a complete finite volume complex hyperbolic orbifold, letĜ ⊂ŜU(n, 1) be a lift where 1→Z→Ĝ→G→1 is an exact sequence. Then
C /G is an injective Seifert fibration (i.e. the singular fiber bundle with typical fiber is S 1 . The exceptional fiber is also a circle.)
Burns and Epstein's formula
In general, the Heisenberg infranilmanifold or its two fold cover at least admits a spherical CR-structure, see Definition 2.1. In [2] , Burns and Epstein obtained the CR-invariant µ(M ) on the 3-dimensional strictly pseudoconvex CR-manifolds M provided that the holomorphic line bundle is trivial.
Let X be a compact strictly pseudoconvex complex 2-dimensional manifold with smooth boundary M . Then they have shown the following equality in [3] :
Herec 1 is a lift of c 1 by the inclusion j * : H 2 (X, M ; R)→H 2 (X; R).
Geometric boundary
5.1. One-cusped complex hyperbolic 2-manifold. Let E τ (N ) be the group of Heisenberg rigid motions on the 3-dimensional Heisenberg nilpotent Lie group N and L : E τ (N )→U(1) ⋊ τ the holonomy homomorphism. Suppose that M = N /Γ is realized as a cusp cross-section of a complete finite volume one-cusped complex hyperbolic 2-manifold
ThenW is homotopic to W and M is viewed as a boundary of IntW which supports a complete complex hyperbolic structure. The holonomy group L(Γ) of a 3-dimensional compact Heisenberg non- [4] , [16] for the classification. If M has the holonomy Z/2 × Z/2, then G has nontrivial summand in τ of Iso(H 2 C ) = PU(2, 1) ⋊ τ . The two fold cover W/G ∩ PU(2, 1) is still a one-cusped complex hyperbolic manifold for which the cusp cross-section is the two fold cover of M whose holonomy group becomes Z/2 ⊂ U(1). When the holonomy group belongs to U(1), the spherical CR-structure on M is canonically induced from the complex hyperbolic structure on W . (Note that τ does not preserve the CR-structure bundle.) 5.2. Integral ofc 2 1 . Let p :W →W be the finite covering, say of order ℓ, whose induced coveringM of M is now a (homogeneous) nilmanifold (using the separability argument if necessary). Possibly it consists of a finite number of such nilmanifolds. Since W admits a complete Einstein-Kähler metric, we know that c 2 − 1 3 c 2 1 = 0. Moreover, sinceM is a spherical CR manifold with trivial holomorphic line bundle, it follows that µ(M ) = 0. As in §4, let j * : where m is divisible by ℓ. As Γ is generated by {a, b, c, γ} or {a, b, c, γ, δ}, it follows that
In any case, if N /Γ has a nontrivial holonomy group F , then H 1 (M : Z) is a torsion group. Denote byW #±CP 2 the connected sum ofW with CP 2 #−CP 2 if necessary. We can assume that ( , ) is an indefinite form of odd type, i.e. there are nonzero elements x, y
such that (x, x) is odd and (y, y) = 0. By ±1 we shall mean that it is generated by either x + or x − ofH 2 (W #±CP 2 , M : Z) such that (x ± , x ± ) = ±1 respectively. Moreover by the classification of nondegenerate indefinite inner product cf. [10] , there is an isomorphism preserving the inner product
for (m, n = 0). Here ±1 i is the i-th copy of ±1 . Consider the commutative diagram:
It follows from (5.2) that j * :H 2 (W : Z)→H 2 (W , M : Z) is injective and is isomorphic if Z replaces R. Similarly note that j * :
is injective (and an isomorphism for the coefficient R). Identified the generators ofH 2 (W # ± CP 2 : Z) with the basis (5.3) ofH 2 (W # ± CP 2 , M : Z), we may choose the generators [
for some ℓ i ∈ Z.
5.6. Canonical bundle. The circle (line) bundle L: S 1 →Ṽ 1 /Ĝ→H 2 C /G = W is represented by the Kähler form Ω of the Kähler-hyperbolic metric, i.e.
[ [7] . Embed V intō W # ± CP 2 and suppose that
As
2)) and so does each
(2) ℓ is minimal with respect to (1). (3) (k, l) is relatively prime.
, it follows that ℓ = a 1 ℓ 1 and a j = 0 (j = 1). Hence [U ] = a 1 ±1 1 . On the other hand, note that ±1 1 is a cycle ofH 2 (W # ± CP 2 , M : Z) for which j * ( ±1 1 ) = ℓ 1 [V 1 ] by (5.5) . Noting that ℓ is minimal by Property (2) of § 5.6, ℓ 1 is divisible by ℓ. Therefore ℓ 1 = ±ℓ and a 1 = ±1 so that [U ] = ± ±1 . In particular, the intersection number
Noting that (k, l) = 1 by Property (3) of § 5.6, if ℓ = 1, y · y cannot be an integer.
. Consider the following diagram: Remark 5.2. Neumann and Reid have shown that if an infranil 3-manifold arises as a cusp cross-section of a 1-cusped complex hyperbolic 2-manifold, then the rational Euler number must be 1/3-integral. There are infranilmanifolds which do not satisfy this condition.
